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Abstract— Learning vector quantization (LVQ)
as proposed by Kohonen is a simple and intuitive,
though very successful prototype—based clustering al-
gorithm.Generalized relevance LVQ (GRLVQ) consti-
tutes a modification which obeys the dynamics of a
gradient descent and allows an adaptive metric utiliz-
ing relevance factors for the input dimensions. As it-
erative algorithms with local learning rules, LV(Q) and
modifications crucially depend on the initialization of
the prototypes. They often fail for multimodal data.
The combination of GRLVQ and the neural gas algo-
rithm (NG) is capable of learning highly multimodal
data, whereby it shares the benefits of gradient dynam-
ics and neighborhood learning in NG and an adaptive
metric from GRLVQ. Up to now, the method was ap-
plied only to artificial data sets. The aim of the paper
is to demonstrate the power of the approach in a real
world application of character recognition.

1 Introduction

Learning vector quantization is mainly influenced by
the standard algorithms LVQL ... LVQ3 introduced by
KOHONEN [1] as intuitive prototype-based clustering
algorithms. Several derivatives were developed to im-
prove the standard algorithms to ensure, for instance,
faster convergence, a better adaptation of the recep-
tive fields to optimum Bayesian decision, or an adap-
tation for complex data structures, to name just a few
[2, 3, 4, 5, 6, 7]. Here we focus on the relevance learn-
ing in learning vector quantization based on an ap-
proach first proposed in [8] for LVQ2.1. The combina-
tion of it with Generalized LVQ (GLVQ) was studied
in [9]. Thereby, GLVQ is an extension of the LVQ2.1
algorithm which avoids the numerical instabilities of
LVQ2.1 due to a stochastic gradient descent on a cost
function [5]. In both approaches relevance learning is
used to improve the classification accuracy. Moreover,
the relevance knowledge can be used in further data
processing, for instance for rule extraction to quickly
classify unknown data [10].

The above methods crucially depend on the initial-

ization of the prototypes, commonly initialized with
the centerpoints of the classes or random representa-
tives from the training set. The algorithms use itera-
tive local learning rules which, hence, can easily stuck
in local optima. Therefore, Kohonen offers a possible
solution to this problem proposing a combination of
LVQ and the unsupervised self-organizing map (SOM)
[3]. The SOM learning scheme uses global information:
the neighborhood cooperativeness in learning deter-
mined by the neighborhood range. Kohonen suggests
to initialize the prototypes of LVQ using the SOM-
prototypes with posteriorly assigned class information.
Alternatively, he proposed a modified SOM learning
rule, the so-called LVQ-SOM, such that in each recur-
sive step not only the closest correct and wrong pro-
totypes are updated, but the respective neighborhoods
too. The above methods partially solve the problem
of local optima of usual LVQ-training. Nevertheless,
they have some drawbacks: SOM is based on a pri-
orly fixed topology of prototypes which has to match
the usually unknown shape of the data distribution.
Methods which identify and repair topological defects
are costly [11]. A posterior choice of class labels for the
prototypes of the (unsupervised) SOM causes further
problems: the class borders are not taken into account
in SOM such that several classes may share common
prototype. Small classes may not be represented at
all. The LVQ-SOM approach avoids the latter prob-
lem but the problem of proper topology choice remains.
However, mathematical analysis is rather diflicult since
SOM as well as LVQ does not follows a gradient dy-
namic of an energy function for infinite data sets. Fur-
ther, Kohonen pointed out instabilities of LVQ-SOM
and advises to use it only after unsupervised SOM for
final (small) neighborhood [3]. In this case the LVQ-
SOM is more or less reduced to usual unsupervised
SOM-learning followed by a standard LVQ2.1 with the
above mentioned problems.

As an alternative a combination of GRLVQ) with the
neural gas algorithm (NG) [12] is suggested [13]. NG
constitutes an unsupervised training method with a
faithful representation of the given data distribution



as objective which does not assume a fixed prior topol-
ogy for the prototypes. In contrast to SOM, NG devel-
ops an optimal topology during learning.! Combining
GRLVQ and NG in such a way that a parameterized
cost function is minimized through the learning rule
gives the Supervised Relevance Neural Gas (SRNG)
[13]. The cost function leads to training similar to
NG or simple GRLVQ), respectively, depending on the
choice of the parameter. During training, the parame-
ter is varied so that neighborhood cooperation assures
a distribution of the prototypes among the data set at
the beginning, and a good separation of the classes is
accounted for at the end of training,.

It should be mentioned at this point that rele-
vance learning and metric adaptation approaches can
also be found for the unsupervised learning schemes
SOM and NG with different goals for optimization
(topology preservation, inserting expert knowledge, ...)
[15, 16, 17, 18].

In the present contribution we recall the develop-
ment of SRNG as the logical consequence of combina-
tion of NG and GRLVQ). The SRNG has been success-
ful in applications of artificial data and toy examples
in earlier publications but not for real world problems.
Therefore, we demonstrate the power of the SRNG in
a real world application of character recognition task
for bitmap images of digits. Thereby, the data space
is very high-dimensional (d = 218). We show that the
extracted relevances provide meaningful features which
allow to reconstruct the original data.

2 GRLVQ and NG

For introduction of the GRLVQ we have to clarify some
notations: Let ¢, € £ be the label of input v, £ a set
of labels (classes) with #£ = N;. Let V C RPv be
a finite set of inputs v. LVQ uses a fixed number of
prototypes (weight vectors, codebook vectors) for each
class. Let W ={w,} be the set of all codebook vec-
tors and ¢, be the class label of w,. Furthermore, let
W.={w.|c, = ¢} be the subset of prototypes assigned
toclass ce L.

The task of vector quantization is realized by the
map V¥ as a winner-take-all rule, i.e. a stimulus vector
v € V is mapped onto that neuron s € A the pointer
w, of which is closest to the presented vector v,

U, v s(v) =argmind® (v, w;) (1)
rcA

with d* (v,w) being an arbitrary differentiable dis-
tance measure depending on the parameter vector A.

1To be precise, the topology preserving mapping is obtained
by an extension of the usual NG: the neighborhood learning
according the receptive field neighborhood of the neurons. This
extended NG is denoted as Topology Representing Network -
TRN [14]. We here do not use this neighborhood explicitely.
Therefore we refer to both algorithm simply as NG.

The neuron s is called winner or best matching unit.
The subset of the input space

D ={veV:ir=Uy 4 (v)} (2)

which is mapped to a particular neuron r according
to (1), forms the (masked) Q} receptive field of that
neuron.

The training algorithm adapts the prototypes such
that for each class ¢ € L, the corresponding code-
book vectors W, represent the class as accurately
as possible. This means that the set of points in
any given class V, = {v €V|c, = ¢}, and the union
U, = Ur‘ €, of receptive fields of the correspond-

wrEWe

ing prototypes should differ as little as possible. Let
fx)=(14exp (—:c))71 be the logistic function. GR-
LVQ minimizes the cost function

d)\ _d)\
Costarrvg = Zf(MA (v)) with gy (v) = d; + d}\,
v r r_

(3)

via stochastic gradient descent, where di‘ N is the
squared distance of the input vector v to the nearest
codebook vector labeled with ¢, = ¢y, say Wy, and
d? is the squared distance to the best matching proto-
type but labeled with ¢, # ¢, say w,_. The learn-
ing rule of GRLVQ is obtained taking the derivatives

aad)
of the above cost function. Using 8—5&{% =&, 8Wrr+
A
a8 ¢ 2
2-d}
£+ = T Y‘—)\ 2 (4)
(&, +dp )
and N
2-d
=T (5)
(dr+ + dr,)
one obtains for the weight updates [9]:
ody
Awy. =t F] oy £ - —ors 6
Wi = Lo € 5 (6)
_ . ad)
Awy =—€ - f'l v & - o (7)

For the adaptation of the parameters A\, we get

Ipia (V)
AAkZ—ef'lM(v)'a)‘i)\k (8)
with N \
Ay, (v ady _dd
MA( ) — 5—&- + 5 . (9)

€T,e ,¢ > 0 are learning rates. In case of dﬁ‘+ =
Zf)zvl Ai - (v; —w;)® is the squared, scaled Euclidean
distance, whereby A\; > 0 and >, \; = 1, we have in
(6) and (7)

Awr+ :6+'2'f,|u)‘(v)'£+'A'(V_WP+) (10)



Aw, = —¢ -2- f,|l~t>\(V) -E - A(V — er), (11)

respectively, with A being the diagonal matrix with

entries A\1,...,Ap, and (8) reads as

A==€ [ ) (T (V=W )i =€ (v —we)F)

(12)

with £k = 1...Dy, followed by normalization. The

simple GLV(Q) ignores the update of the \; keeping all
weighting factors constant.

The original NG adapts unlabeled prototypes w; €

W according to a given data set such that the cost

function

Costyg () Zez (13)
is minimized with local costs
/P (i,v,W) - (v—w;)* dv (14)
and neighborhood function
hy (i, v, W) = exp <—M> . (15)

Thereby k; (v, W) yields the number of pointers w;
for which the relation d* (v, w;) < d* (v,w;) is valid
[12]. C(v,K) is a normalization constant depending
on the neighborhood range v and the cardinality K of
W. The learning rule reads as

Aw; =€-hy (1,v, W) (v—w;) (16)
minimizing the cost function. The initialization of the
prototypes is not longer crucial in NG because of the
involved neighborhood cooperation.

3 Supervised Relevance Neural
Gas Algorithm

The idea of supervised relevance neural gas (SRNG)
is to incorporate neighborhood cooperation of NG into
the cost function C'ostarrvg to overcome the crucial
initialization of GRLVQ and speedup the convergence.

Again, let W= {w,|c, = ¢} be the subset of proto-
types assigned to class ¢ € £ and K. its cardinality.
Further we assume to have m data vectors v;. We
define the new cost function

COStSRNG Z Z I‘ Vu ) f( ( ))
=1 w.eEW_ 7KC7')

a7)

with f (z) = (1+exp(—2)) " and p,(v) = Z*;Z*:

whereby d) is defined as in GRLVQ above and

di‘ = d)‘ (V,Wr). Note that limn/HO COStSRNG (’)/) =

Costarrvg. If the neighborhood range «y is large, typ-
ically at the beginning of the training, the prototypes
of one class share their responsibilities for a given in-
put. Hence, neighborhood cooperation is involved such
that initialization of the prototypes is not longer cru-
clal. Given a training example (v;,¢;) all prototypes
wy € W, and the closest wrong prototype w,_ are

adapted as well as the relevance factors \,. Taking
now
+ 2-dr 18
@Ry "
and N
- 2-d;
& = (19)

(d +d )2

we get for the updates in case of the scaled Euclidean
distance

y by (v, vi, We, )

Aw, = 2¢T 5-&- f |I~LA(V

C (v, Ke,) Ay )
o T (v W)

_ = Sy ey (0, Vi, W
we =2 b & NGO R)
AA(v—wy ),
(21)

with A being again the diagonal matrix with entries

Al,---,ADy, and

v

fllp, (v)'h"/ (r7Vi7Wc-)

A= — 2¢ 2 .
k 1W;VC C(v.Ke,)

(& v-w)i - & (v—we)R)

If the adaptation of the relevance factors is omitted and

(22)

for all relevance factors A = X is valid, one obtains the
simple supervised neural gas (SNG) [19].

As it was shown for multimodal artificial data, the
SRNG has a stable convergence behavior independent
on the initialization [13]. The prototypes were evenly
distributed to all local class areas of the multimodal
data. The algorithm does not stuck in local minima.
In our applications we applied the SRNG with vanish-
ing neighborhood in the convergence phase such that
we have a transition to GRLVQ. We demonstrate the
power of the method for a real world problem in the
field of pattern recognition.

4 Application in pattern recog-
nition using wavelet moments

4.1 Wavelet moments

In a real world application we consider quadratic pixel
bitmap images of digits. The task is to recognize for a
given image the correct digit. For this purpose, several
features are extracted from the actual image defining
essential properties. Thereby we have to pay attention
to such things as translation invariance, scaling and



rotation invariance. A proper approach to do this is
the usage of wavelet moments [20].

Wavelet moments are defined in the following way.
Let us consider

F= [ [0 aran pqen (@)

with ¢,(r) being a function of the radial variable r.
In case of global definition range of g,(r) global image
features are investigated, otherwise local properties. In
case of wavelet moments the choice is g,(r) :wa’b(r)
with the wavelet basis

60 (r) = ﬁw(r —?) (24)

whereby a € R, is the dilation parameter and b € R
is the shifting index. In particular, we here use cu-
bic B-spline wavelets [21] which are optimally local-
ized in space frequency. Their mother wavelet ¢(r) is
in Gaussian approximation form:

4an+1

V2m(n+1)
(25)

with n = 3 a = 0.697066 fo = 0.409177 62 = 0.561145
[21]. For a,b we take

a=0.9",
b=04-n-a

The choice is according to an accurate reconstruction

a

_(2r—1)2
Owcos(2mfo(2r — 1)) -e 2en (D)

v(r) =

m=0,1,2,3

? ? ?

26
n=0,1,.. (26)

1
., 2m+L,

of the original image from the wavelet moment coding,.
Then we obtain for the wavelet defined along the radial
axis in any orientation

1 1
Thereby, m is a scaling index and n plays the role
of a shifting index as the parameter b before. Both
parameters ensure that the wavelets cover the whole
radial domain. Using this wavelet form (27) one is
able to discriminate local image features more properly
than using the standard form (24) [20].
We now consider the wavelet moments

Fong= /Sq(r) . wmm(r)r dr

L2mFl g =0

(27)

(28)

1,2

? ? ?

with m=0,1,2,3n=0,1,..

? ?

r < 1. S4(r) is defined by:

30<

Sy(r) = /f(r, 0)el a9 0<6<2r (29

In discrete case one has Fi g = > S4(7) - ¥, (1)1
and Sy(r) = Y f(r,0)e???, 0 < 6 < 2w, with polar
coordinates 7 = /x2 4+ 32 and @ = arctan (%)and
x,y are the localization in the original image.

Fpyn,g can be regarded as the first moment of S,(r)
at the mth scale level with shifting index n. For fixed
7, Sq(r) is the ¢th frequency feature of the image object
f(r,0) in phase domain 0 < 0 < 27.

| Algorithm | | 32 x32BM | 64 x 64 BM ||
vQ3 training 83.2% 71.5%
test 80.1% 68.7%
GLVQ training 91.5% 86.1%
test 88.0% 75.4%
SRNG training 92.4% 86.4%
test 89.4% 84.3%

Table 1: Accuracy of LVQ3, GLVQ, SRNG for the
given bitmap (BM) database of digits.

4.2 The database

The database is the F'L3 Handwritten Symbol Database
- 1 of the National Institute of Standards and Tech-
nology of the USA obtained from [22].

The database consists of 3471 images of the dig-
its 0...9. The images are 32 X 32 binary valued
bitmaps. The images have to be converted into (high-
dimensional) data vectors for application of learning
vector quantizers.

In our application we computed for each sample im-
age a feature vector v €RPV with Dy = 218. Thereby
we have

Vi = || Fin gl (30)
fori=1,...,109 and
v =R (Fonn,q) (31)

for 3 = 110,...,218 with m = 0,...,3; n = 0,...,2;
g = 0,...,10. Thereby, R (Fin nq) denctes the real
part of Fi, n 4. This selection is a common choice in
pattern recognition as reported in [21], [23]. Thereby,
both parts are translation invariant and the first one
is additionally rotational invariant. The range of the
parameters m, n, ¢ is as usual in wavelet analysis [24].

We randomly divided the data in a training and a
test set of N = 2280 and Ny..; = 1191 vectors, respec-
tively. To investigate the shift and rotation invariance
of the methods we generated a second database based
on the original. For this purpose we first embedded
the original images in the center of a 64 x 64 bitmap.
Subsequently we applied a random translation (max-
imum of 16 pixel) and rotation (£45°). Afterwards,
the feature vector are derived from the 64 x 64 images
as above.

4.3 Application of LVQ, GLVQ, GR-
LVQ/SRNG

We applied the above introduced methods GLVQ and
SRNG/GRLVQ and compared the recognition rate to
usual LVQ3. We used 100 prototypes in each appli-
cation, i.e. 10 prototypes for each class (digit). The
number of training steps in all algorithms was 5001V,
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Table 2: The most relevant (m,n, ¢)-features accord-
ing to the \g-values are depicted. Thereby we listed for
|Fn qll and R (Fp, n o) the 5 most relevant features.
The ranking is indicated by the subindex. Combina-
tion without index indicate an importance more than
1% but not in the top 5.

As we can see in Tab. 1 the GLVQ gives better
results than the standard LVQ3 because it is able to
handle overlapping classes in feature space more faith-
fully than LVQ3 as predicted by SATO [5]. The further
improvement of GLVQ by scaled metric (GRLVQ) and
neighborhood cooperation between prototypes during
learning (SRNG) leads to further valuable improve-
ment of the accuracy emphasizing the different rele-
vance of the several features for classification.

Moreover, the ranking of the scaling factors Ay in
SRNG provides further information about the impor-
tance of the several features. In equalized importance
each weight should be Ap =~ 0.0046. The most im-
portant feature according to relevance learning takes
A110 &2 0.02 corresponding to (m,n,q) = (0,0,2). In
case of 23 values we found a relevance higher than
1%. Further we found similarities in ranking between
|Finnqll and R(F,, . q). In Tab. 2 we depict the
5 most relevant parameter combinations according to
the obtained scaling factors for both ||Fp, nql and
R (Fm,nq). We can see that there is a high correla-
tion in estimation of what is important by both feature
types. However, in detail we find differences.

In particular, we have that for both values the most
important information is given for vanishing shift in-
dex and scale value in lower frequency range (¢ = 1,2)
which correspond to rough shape recognition. Gener-
ally we see, that the recognition of large scaled shapes
(small g-values) is preferred. The scale value as well as
the shift index is evenly distributed among the most
relevant features.

As an example we reconstruct a given image using
only these features the relevances of which are higher
than 1%, see Fig. 1.

As we can see, the relevance learning yields an ac-
ceptable visualization in comparison to the original re-
construction. Moreover, if only the relevant features
are used (relevance higher than 1%, 23 of 218 features)

Figure 1: Visualization of the reconstruction for an
example image of digit ’8": left - original reconstruc-
tion according to wavelet, middle - reconstruction us-
ing all but scaled wavelet features according to their
relevances, right - reconstruction using the most rele-
vant wavelet features (relevance greater than 1%).

most of the information is preserved, only fine struc-
ture information is lost. Hence, we are able to extract
the relevant feature of the wavelet moment description
of images which can be used for drastic dimension re-
duction and therefore decreasing computing time.

5 Conclusion

We have proposed a real world application of a modifi-
cation of GRLVQ which includes the idea of neighbor-
hood cooperation within prototypes of one class called
Supervised Relevance Neural Gas. For this approach
the initialization of prototypes is no longer crucial
for successful training. Together with the prototypes,
weighting factors for the several input dimensions are
adapted, hence allowing a metric which is fitted to the
data distribution. This additional feature is particu-
larly beneficial if high dimensional data is dealt with
as demonstrated in this application of character recog-
nition. Here we reduced the input dimension from 218
to 23 preserving the relevant information and result-
ing in good visual results. The results show a robust
behavior of the SRNG for real world data. The SRNG
figures out the main important features for reconstruc-
tion. In comparison to several other LVQ approaches
the SRNG shows the best results.

It should be mentioned that the SRNG can also
seen in context of probabilistic approaches for learning
vector qunatization, for example soft learning vector
quantization [7], as recently shown in [25].
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