
Supervised Neural Gas and Relevance Learning inLearning Vector QuantizationTh. Villmann1 and F.-M. Schleif2 and B. Hammer31University Leipzig, Clinic for Psychotherapy K.-Tauchnitz-Str. 25, 04107 Leipzig, GermanyPhone/Fax/email: +49 (0)341 9718868 / 18849 / villmann@informatik.uni-leipzig.de2University Leipzig, Inst. of Computer ScienceAugustusplatz 10/11, 04109 Leipzig, Germany3University Osnabrück, Inst. of Computer Science Albrechtsstr. 28, 49069 Osnabrück, GermanyKeywords: GLVQ, relevance learning and neural gasAbstract– Learning vector quantization (LVQ)as proposed by Kohonen is a simple and intuitive,though very successful prototype—based clustering al-gorithm.Generalized relevance LVQ (GRLVQ) consti-tutes a modification which obeys the dynamics of agradient descent and allows an adaptive metric utiliz-ing relevance factors for the input dimensions. As it-erative algorithms with local learning rules, LVQ andmodifications crucially depend on the initialization ofthe prototypes. They often fail for multimodal data.The combination of GRLVQ and the neural gas algo-rithm (NG) is capable of learning highly multimodaldata, whereby it shares the benefits of gradient dynam-ics and neighborhood learning in NG and an adaptivemetric from GRLVQ. Up to now, the method was ap-plied only to artificial data sets. The aim of the paperis to demonstrate the power of the approach in a realworld application of character recognition.1 IntroductionLearning vector quantization is mainly influenced bythe standard algorithms LVQ1 ... LVQ3 introduced byK������ [1] as intuitive prototype-based clusteringalgorithms. Several derivatives were developed to im-prove the standard algorithms to ensure, for instance,faster convergence, a better adaptation of the recep-tive fields to optimum Bayesian decision, or an adap-tation for complex data structures, to name just a few[2, 3, 4, 5, 6, 7]. Here we focus on the relevance learn-ing in learning vector quantization based on an ap-proach first proposed in [8] for LVQ2.1. The combina-tion of it with Generalized LVQ (GLVQ) was studiedin [9]. Thereby, GLVQ is an extension of the LVQ2.1algorithm which avoids the numerical instabilities ofLVQ2.1 due to a stochastic gradient descent on a costfunction [5]. In both approaches relevance learning isused to improve the classification accuracy. Moreover,the relevance knowledge can be used in further dataprocessing, for instance for rule extraction to quicklyclassify unknown data [10].The above methods crucially depend on the initial-

ization of the prototypes, commonly initialized withthe centerpoints of the classes or random representa-tives from the training set. The algorithms use itera-tive local learning rules which, hence, can easily stuckin local optima. Therefore, Kohonen offers a possiblesolution to this problem proposing a combination ofLVQ and the unsupervised self-organizing map (SOM)[3]. The SOM learning scheme uses global information:the neighborhood cooperativeness in learning deter-mined by the neighborhood range. Kohonen suggeststo initialize the prototypes of LVQ using the SOM-prototypes with posteriorly assigned class information.Alternatively, he proposed a modified SOM learningrule, the so-called LVQ-SOM, such that in each recur-sive step not only the closest correct and wrong pro-totypes are updated, but the respective neighborhoodstoo. The above methods partially solve the problemof local optima of usual LVQ-training. Nevertheless,they have some drawbacks: SOM is based on a pri-orly fixed topology of prototypes which has to matchthe usually unknown shape of the data distribution.Methods which identify and repair topological defectsare costly [11]. A posterior choice of class labels for theprototypes of the (unsupervised) SOM causes furtherproblems: the class borders are not taken into accountin SOM such that several classes may share commonprototype. Small classes may not be represented atall. The LVQ-SOM approach avoids the latter prob-lem but the problem of proper topology choice remains.However, mathematical analysis is rather difficult sinceSOM as well as LVQ does not follows a gradient dy-namic of an energy function for infinite data sets. Fur-ther, Kohonen pointed out instabilities of LVQ-SOMand advises to use it only after unsupervised SOM forfinal (small) neighborhood [3]. In this case the LVQ-SOM is more or less reduced to usual unsupervisedSOM-learning followed by a standard LVQ2.1 with theabove mentioned problems.As an alternative a combination of GRLVQ with theneural gas algorithm (NG) [12] is suggested [13]. NGconstitutes an unsupervised training method with afaithful representation of the given data distribution



as objective which does not assume a fixed prior topol-ogy for the prototypes. In contrast to SOM, NG devel-ops an optimal topology during learning.1 CombiningGRLVQ and NG in such a way that a parameterizedcost function is minimized through the learning rulegives the Supervised Relevance Neural Gas (SRNG)[13]. The cost function leads to training similar toNG or simple GRLVQ, respectively, depending on thechoice of the parameter. During training, the parame-ter is varied so that neighborhood cooperation assuresa distribution of the prototypes among the data set atthe beginning, and a good separation of the classes isaccounted for at the end of training.It should be mentioned at this point that rele-vance learning and metric adaptation approaches canalso be found for the unsupervised learning schemesSOM and NG with different goals for optimization(topology preservation, inserting expert knowledge, ...)[15, 16, 17, 18].In the present contribution we recall the develop-ment of SRNG as the logical consequence of combina-tion of NG and GRLVQ. The SRNG has been success-ful in applications of artificial data and toy examplesin earlier publications but not for real world problems.Therefore, we demonstrate the power of the SRNG ina real world application of character recognition taskfor bitmap images of digits. Thereby, the data spaceis very high-dimensional (d = 218). We show that theextracted relevances provide meaningful features whichallow to reconstruct the original data.2 GRLVQ and NGFor introduction of the GRLVQ we have to clarify somenotations: Let cv ∈ L be the label of input v, L a setof labels (classes) with #L = NL. Let V ⊆ RDV bea finite set of inputs v. LVQ uses a fixed number ofprototypes (weight vectors, codebook vectors) for eachclass. Let W ={wr} be the set of all codebook vec-tors and cr be the class label of wr. Furthermore, letWc={wr|cr = c} be the subset of prototypes assignedto class c ∈ L.The task of vector quantization is realized by themap Ψ as a winner-take-all rule, i.e. a stimulus vectorv ∈ V is mapped onto that neuron s ∈ A the pointerws of which is closest to the presented vector v,ΨλV→A : v �→ s (v) = argminr∈A dλ (v,wr) (1)with dλ (v,w) being an arbitrary differentiable dis-tance measure depending on the parameter vector λ.1To be precise, the topology preserving mapping is obtainedby an extension of the usual NG: the neighborhood learningaccording the receptive field neighborhood of the neurons. Thisextended NG is denoted as Topology Representing Network -TRN [14]. We here do not use this neighborhood explicitely.Therefore we refer to both algorithm simply as NG.

The neuron s is called winner or best matching unit.The subset of the input spaceΩλr = {v ∈V : r = ΨV→A (v)} (2)which is mapped to a particular neuron r accordingto (1), forms the (masked) Ωλr receptive field of thatneuron.The training algorithm adapts the prototypes suchthat for each class c ∈ L, the corresponding code-book vectors Wc represent the class as accuratelyas possible. This means that the set of points inany given class Vc = {v ∈V |cv = c}, and the unionUc = ⋃r|wr∈Wc Ωr of receptive fields of the correspond-ing prototypes should differ as little as possible. Letf (x) = (1 + exp (−x))−1 be the logistic function. GR-LVQ minimizes the cost functionCostGRLVQ =∑v f(µλ (v)) with µλ (v) = dλr+ − dλr−dλr+ + dλr−(3)via stochastic gradient descent, where dλr+ is thesquared distance of the input vector v to the nearestcodebook vector labeled with cr+ = cv, say wr+, anddλr− is the squared distance to the best matching proto-type but labeled with cr− �= cr+, say wr− . The learn-ing rule of GRLVQ is obtained taking the derivativesof the above cost function. Using ∂µλ (v)∂wr+ = ξ+ ∂dλr+∂wr+and ∂µλ (v)∂wr− = ξ− ∂dλr−∂wr− withξ+ = 2 · dλr−(dλr+ + dλr−)2 (4)and ξ− = 2 · dλr+(dλr+ + dλr−)2 (5)one obtains for the weight updates [9]:△wr+ = ǫ+ · f ′|µλ (v) · ξ+ · ∂dλr+∂wr+ (6)△wr− = −ǫ− · f ′|µλ (v) · ξ− · ∂dλr−∂wr− (7)For the adaptation of the parameters λk we get△λk = −ǫ · f ′|µλ (v) · ∂µλ (v)∂λk (8)with ∂µλ (v)∂λk = ξ+ ∂dλr+∂λk − ξ− ∂dλr−∂λk . (9)ǫ+, ǫ−, ǫ > 0 are learning rates. In case of dλr+ =∑DVi=1 λi · (vi −wi)2 is the squared, scaled Euclideandistance, whereby λi ≥ 0 and ∑i λi = 1, we have in(6) and (7)△wr+ = ǫ+ · 2 · f ′|µλ (v) · ξ+ ·Λ·(v −wr+) (10)



△wr− = −ǫ− · 2 · f ′|µλ (v) · ξ− ·Λ·(v −wr−), (11)respectively, with Λ being the diagonal matrix withentries λ1, . . . , λDV and (8) reads as△λk = −ǫ · f ′|µλ (v) · (ξ+(v −wr+)2k − ξ−(v −wr−)2k)(12)with k = 1 . . .DV , followed by normalization. Thesimple GLVQ ignores the update of the λi keeping allweighting factors constant.The original NG adapts unlabeled prototypes wi ∈W according to a given data set such that the costfunction CostNG (γ) = 1C (γ,K) N∑i=1 ei (γ) (13)is minimized with local costsei (γ) = ∫ P (v) · hγ (i,v,W) · (v −wi)2 dv (14)and neighborhood functionhγ (i,v,W) = exp(−ki (v,W)γ ) . (15)Thereby ki (v,W) yields the number of pointers wjfor which the relation dλ (v,wj) ≤ dλ (v,wi) is valid[12]. C (γ,K) is a normalization constant dependingon the neighborhood range γ and the cardinality K ofW. The learning rule reads as△wi = ǫ · hγ (i,v,W) · (v −wi) (16)minimizing the cost function. The initialization of theprototypes is not longer crucial in NG because of theinvolved neighborhood cooperation.3 Supervised Relevance NeuralGas AlgorithmThe idea of supervised relevance neural gas (SRNG)is to incorporate neighborhood cooperation of NG intothe cost function CostGRLVQ to overcome the crucialinitialization of GRLVQ and speedup the convergence.Again, letWc={wr|cr = c} be the subset of proto-types assigned to class c ∈ L and Kc its cardinality.Further we assume to have m data vectors vi. Wedefine the new cost functionCostSRNG (γ) = m∑i=1 ∑wr∈Wc hγ (r,vi,Wci) · f (µλ (v))C (γ,Kci) (17)with f (x) = (1 + exp (−x))−1 and µλ (v) = dλr −dλr−dλr +dλr−whereby dλr− is defined as in GRLVQ above anddλr = dλ (v,wr). Note that limγ→0 CostSRNG (γ) =

CostGRLVQ. If the neighborhood range γ is large, typ-ically at the beginning of the training, the prototypesof one class share their responsibilities for a given in-put. Hence, neighborhood cooperation is involved suchthat initialization of the prototypes is not longer cru-cial. Given a training example (vi, ci) all prototypeswr ∈ Wci and the closest wrong prototype wr− areadapted as well as the relevance factors λk. Takingnow ξ+r = 2 · dλr−(dλr + dλr−)2 (18)and ξ−r = 2 · dλr(dλr + dλr−)2 (19)we get for the updates in case of the scaled Euclideandistance△wr = 2ǫ+ · ξ+r · f ′|µλ (v) · hγ (r,vi,Wci)C (γ,Kci) ·Λ·(v−wr)(20)△wr− = −2ǫ− · ∑wr∈Wc ξ−r · f ′|µλ (v) · hγ (r,vi,Wci )C (γ,Kci) ··Λ·(v −wr−),(21)with Λ being again the diagonal matrix with entriesλ1, . . . , λDV and△λk=− 2ǫ1 ∑wr∈Wc f ′|µλ (v) · hγ (r,vi,Wci)C (γ,Kci ) ·· (ξ+r · (v −wr)2k − ξ−r · (v −wr−)2k) (22)If the adaptation of the relevance factors is omitted andfor all relevance factors λk = λ is valid, one obtains thesimple supervised neural gas (SNG) [19].As it was shown for multimodal artificial data, theSRNG has a stable convergence behavior independenton the initialization [13]. The prototypes were evenlydistributed to all local class areas of the multimodaldata. The algorithm does not stuck in local minima.In our applications we applied the SRNG with vanish-ing neighborhood in the convergence phase such thatwe have a transition to GRLVQ. We demonstrate thepower of the method for a real world problem in thefield of pattern recognition.4 Application in pattern recog-nition using wavelet moments4.1 Wavelet momentsIn a real world application we consider quadratic pixelbitmap images of digits. The task is to recognize for agiven image the correct digit. For this purpose, severalfeatures are extracted from the actual image definingessential properties. Thereby we have to pay attentionto such things as translation invariance, scaling and



rotation invariance. A proper approach to do this isthe usage of wavelet moments [20].Wavelet moments are defined in the following way.Let us considerFpq = ∫ ∫ f(r, θ)gp(r)ejqθr dr dθ p, q ∈ N (23)with gp(r) being a function of the radial variable r.In case of global definition range of gp(r) global imagefeatures are investigated, otherwise local properties. Incase of wavelet moments the choice is gp(r) =ψa,b(r)with the wavelet basisψa,b(r) = 1√aψ(r − ba ) (24)whereby a ∈ R+ is the dilation parameter and b ∈ Ris the shifting index. In particular, we here use cu-bic B-spline wavelets [21] which are optimally local-ized in space frequency. Their mother wavelet ψ(r) isin Gaussian approximation form:ψ(r) = 4an+1√2π(n+1)σw cos(2πf0(2r − 1)) · e− (2r−1)22σ2w(n+1)(25)with n = 3 a = 0.697066 f0 = 0.409177 σ2w = 0.561145[21]. For a, b we take{a = 0.9m, m = 0, 1,2,3b = 0.4 · n · a n = 0,1, . . . ,2m+1. (26)The choice is according to an accurate reconstructionof the original image from the wavelet moment coding.Then we obtain for the wavelet defined along the radialaxis in any orientationψm,n(r) = 1√0.9m ψ( 10.9m r − 0.4n). (27)Thereby, m is a scaling index and n plays the roleof a shifting index as the parameter b before. Bothparameters ensure that the wavelets cover the wholeradial domain. Using this wavelet form (27) one isable to discriminate local image features more properlythan using the standard form (24) [20].We now consider the wavelet momentsFm,n,q = ∫ Sq(r) · ψm,n(r)r dr (28)with m = 0,1,2,3 n = 0, 1, . . . , 2m+1 q = 0, 1, 2,3 0 ≤r ≤ 1. Sq(r) is defined by:Sq(r) = ∫ f(r, θ)ejqθ dθ 0 ≤ θ ≤ 2π (29)In discrete case one has Fm,n,q = ∑Sq(r) · ψm,n(r)rand Sq(r) = ∑ f(r, θ)ejqθ, 0 ≤ θ ≤ 2π, with polarcoordinates r = √x2 + y2 and θ = arctan ( yx)andx, y are the localization in the original image.Fm,n,q can be regarded as the first moment of Sq(r)at the mth scale level with shifting index n. For fixedr, Sq(r) is the qth frequency feature of the image objectf(r, θ) in phase domain 0 ≤ 0 ≤ 2π.

Algorithm 32× 32 BM 64× 64 BMLVQ3 training 83.2% 71.5%test 80.1% 68.7%GLVQ training 91.5% 86.1%test 88.0% 75.4%SRNG training 92.4% 86.4%test 89.4% 84.3%Table 1: Accuracy of LVQ3, GLVQ, SRNG for thegiven bitmap (BM) database of digits.4.2 The databaseThe database is the FL3 Handwritten Symbol Database- 1 of the National Institute of Standards and Tech-nology of the USA obtained from [22].The database consists of 3471 images of the dig-its 0 . . . 9. The images are 32 × 32 binary valuedbitmaps. The images have to be converted into (high-dimensional) data vectors for application of learningvector quantizers.In our application we computed for each sample im-age a feature vector v ∈RDV with DV = 218. Therebywe have vi = ‖Fm,n,q‖ (30)for i = 1, . . . ,109 andvj = ℜ (Fm,n,q) (31)for j = 110, . . . , 218 with m = 0, . . . ,3; n = 0, . . . ,2;q = 0, . . . ,10. Thereby, ℜ (Fm,n,q) denotes the realpart of Fm,n,q. This selection is a common choice inpattern recognition as reported in [21], [23]. Thereby,both parts are translation invariant and the first oneis additionally rotational invariant. The range of theparameters m, n, q is as usual in wavelet analysis [24].We randomly divided the data in a training and atest set of N = 2280 and Ntest = 1191 vectors, respec-tively. To investigate the shift and rotation invarianceof the methods we generated a second database basedon the original. For this purpose we first embeddedthe original images in the center of a 64× 64 bitmap.Subsequently we applied a random translation (max-imum of 16 pixel) and rotation (±45◦). Afterwards,the feature vector are derived from the 64× 64 imagesas above.4.3 Application of LVQ, GLVQ, GR-LVQ/SRNGWe applied the above introduced methods GLVQ andSRNG/GRLVQ and compared the recognition rate tousual LVQ3. We used 100 prototypes in each appli-cation, i.e. 10 prototypes for each class (digit). Thenumber of training steps in all algorithms was 500N .



relevantfeatures ‖Fm,n,q‖ ℜ (Fm,n,q)(m,n, q) (0,0, 1)1 (0, 0, 1)2(0,0, 2)2 (0, 0, 2)1(1,0, 0)4 (1, 0, 0)(1,0, 1) (1, 0, 1)4(2,2, 0) (2, 2, 0)3(3,0, 0)5 −(3,1, 0)3 (3, 1, 0)5Table 2: The most relevant (m,n, q)-features accord-ing to the λk-values are depicted. Thereby we listed for‖Fm,n,q‖ and ℜ (Fm,n,q) the 5 most relevant features.The ranking is indicated by the subindex. Combina-tion without index indicate an importance more than1% but not in the top 5.As we can see in Tab. 1 the GLVQ gives betterresults than the standard LVQ3 because it is able tohandle overlapping classes in feature space more faith-fully than LVQ3 as predicted by S��� [5]. The furtherimprovement of GLVQ by scaled metric (GRLVQ) andneighborhood cooperation between prototypes duringlearning (SRNG) leads to further valuable improve-ment of the accuracy emphasizing the different rele-vance of the several features for classification.Moreover, the ranking of the scaling factors λk inSRNG provides further information about the impor-tance of the several features. In equalized importanceeach weight should be λk ≈ 0.0046. The most im-portant feature according to relevance learning takesλ110 ≈ 0.02 corresponding to (m,n, q) = (0, 0, 2). Incase of 23 values we found a relevance higher than1%. Further we found similarities in ranking between‖Fm,n,q‖ and ℜ (Fm,n,q). In Tab. 2 we depict the5 most relevant parameter combinations according tothe obtained scaling factors for both ‖Fm,n,q‖ andℜ (Fm,n,q). We can see that there is a high correla-tion in estimation of what is important by both featuretypes. However, in detail we find differences.In particular, we have that for both values the mostimportant information is given for vanishing shift in-dex and scale value in lower frequency range (q = 1,2)which correspond to rough shape recognition. Gener-ally we see, that the recognition of large scaled shapes(small q-values) is preferred. The scale value as well asthe shift index is evenly distributed among the mostrelevant features.As an example we reconstruct a given image usingonly these features the relevances of which are higherthan 1%, see Fig. 1.As we can see, the relevance learning yields an ac-ceptable visualization in comparison to the original re-construction. Moreover, if only the relevant featuresare used (relevance higher than 1%, 23 of 218 features)

Figure 1: Visualization of the reconstruction for anexample image of digit ’8’: left - original reconstruc-tion according to wavelet, middle - reconstruction us-ing all but scaled wavelet features according to theirrelevances, right - reconstruction using the most rele-vant wavelet features (relevance greater than 1%).most of the information is preserved, only fine struc-ture information is lost. Hence, we are able to extractthe relevant feature of the wavelet moment descriptionof images which can be used for drastic dimension re-duction and therefore decreasing computing time.5 ConclusionWe have proposed a real world application of a modifi-cation of GRLVQ which includes the idea of neighbor-hood cooperation within prototypes of one class calledSupervised Relevance Neural Gas. For this approachthe initialization of prototypes is no longer crucialfor successful training. Together with the prototypes,weighting factors for the several input dimensions areadapted, hence allowing a metric which is fitted to thedata distribution. This additional feature is particu-larly beneficial if high dimensional data is dealt withas demonstrated in this application of character recog-nition. Here we reduced the input dimension from 218to 23 preserving the relevant information and result-ing in good visual results. The results show a robustbehavior of the SRNG for real world data. The SRNGfigures out the main important features for reconstruc-tion. In comparison to several other LVQ approachesthe SRNG shows the best results.It should be mentioned that the SRNG can alsoseen in context of probabilistic approaches for learningvector qunatization, for example soft learning vectorquantization [7], as recently shown in [25].References[1] Teuvo Kohonen, Self-Organizing Maps, vol. 30of Springer Series in Information Sciences,Springer, Berlin, Heidelberg, 1995, (Second Ex-tended Edition 1997).[2] B. Hammer and Th. Villmann, “Mathematicalaspects of neural networks,” in Proc. Of Eu-ropean Symposium on Artificial Neural Networks


